Laurent Gosse. Well-balanced schemes using elementary solutions for linear models of the Boltzmann equation in one space dimension. Kinetic and Related Models , AIMS, 2012, 5 (2) Abstract. In the kinetic theory of gases, a class of one-dimensional problems can be distinguished for which transverse momentum and heat transfer effects decouple. This feature is revealed by projecting the linearized Boltzmann model onto properly chosen directions (which were originally discovered by Cercignani in the sixties) in a Hilbert space. The shear flow effects follow a scalar integro-differential equation whereas the heat transfer is described by a 2 × 2 coupled system. This simplification allows to set up the well-balanced method, involving non-conservative products regularized by solutions of the stationary equations, in order to produce numerical schemes which do stabilize in large times and deliver accurate approximations at numerical steady-state. Boundary-value problems for the stationary equations are solved by the technique of "elementary solutions" at the continuous level and by means of the "analytical discrete ordinates" method at the numerical one. Practically, a comparison with a standard time-splitting method is displayed for a Couette flow by inspecting the shear stress which must be a constant at steady-state.
1. Introduction.
1.1.
A short review of the Boltzmann equation. Kinetic theory describes the time evolution of a gas (or any other system constituted of a huge number of indistinguishable particles) by means of a function of distribution in the phase space; usually it is denoted by f (t, x, v) ∈ [0, 1], with x ∈ R 3 (or in a bounded domain in R 3 ) and the velocity variable v ∈ R 3 . The equation ruling the evolution of this density function has been written in 1872 by Boltzmann [69] : Collision kernels vary according to the models; the most classical one reads, B(w, n) = b|w| γ cos(θ),
where one speaks about soft (resp. hard) potentials when γ < 0 (resp. γ > 0). The "hard spheres" potential is the case where b is a constant and γ = 1. A more general expression for a collision kernel is given by: B(w, n) = Φ(|w|)b(θ). As a consequence of Boltzmann's H-theorem expressing time-irreversibility, entropy is dissipated as time passes and the solution f decays toward an equilibrium state which is the Maxwellian distribution, usually denoted by M (v) 1 . More precisely, one can multiply both sides of the equation (1) by log f , integrate in v ∈ R 3 ,
f log f dv + ∇.
vf log f dv = R 3 Q(f, f ) log f dv, and observe that the right-hand side has a sign:
with equality if and only if f is a Maxwellian. When f is assumed to be very close to this equilibrium state, it makes sense to consider f = M (v)(1 + h(t, x, v)) with h satisfying the linearized equation with the simplified right-hand side:
A collision invariant is a function φ(v) for which the following equality holds:
A tedious computation allows to rewrite the preceding integral (see [23] page 14):
This integral vanishes independently of f if:
This expression of the elementary collisional invariants allows to explicit the uniform Maxwellian distribution by arguing that log f must be a collisional invariant:
In order to get an integrable function, one must ask for c ∈ R − ; hence by letting c = −β, b = 2βu for some constant u and α ≥ 0, the Maxwellian states rewrite:
1.2. Simplified models and their fluid dynamic approximation. The usual macroscopic variables can be deduced as the successive moments of f in the v variable (particles are supposed to be of unit mass for simplicity):
f (t, x, v)dv, ̺u(t, x) = R 3 vf (t, x, v)dv, which are respectively the gas density and its momentum in t, x ∈ R + × R 3 . The internal energy, satisfying 2 3 ε = kT with T the temperature and k stands for Boltzmann's constant 2 , can be also defined as follows:
where u(t, x) = ̺u(t, x)/̺(t, x) is called the bulk velocity of the gas and is defined as long as ̺(t, x) > 0. The quantity c := v − u is the zero-average deviation of the microscopic velocities with respect to the macroscopic one, called random or peculiar velocity. We deduce that the temperature is expressed by:
T (t, x) = 1 3k̺(t, x) R 3 |v − u(t, x)| 2 f (t, x, v)dv, and this yields the Maxwellian distribution M(f ) from (3),
2kT (t, x) .
This quantity is denoted by M(f ) because it is the unique Maxwellian distribution which shares all its moments in v with the ones of the generic kinetic density f . Because of both its complex integral formulation and its quadratic nonlinearity, the complete Boltzmann collision term is considered difficult to handle in many situations; therefore one is interested in so-called "model equations" which are easier to tackle while sharing some of the essential properties of the original (1) . A very classical one is due to Bhatnagar, Gross, Krook and Welander [22] and reads:
where ν is a mean collision frequency related to the inverse Knudsen number and which may be constant or velocity-dependent according to the model. More complex models can be derived following the Gross-Jackson procedure as explained in the Chapter IV of [22] ; in general, one asks that:
1. the approximate collision J term must have the same 5 collision invariants, 2. it has an H-type theorem reflecting its tendency to a Maxwellian distribution.
These two properties are clearly satisfied by the BGK term, J (f ) := ν(M(f ) − f ), despite its nonlinearity in f is worse than the quadratic one of the original collision term. However, despite its simplicity, the BGK relaxation term allows to derive macroscopic balance laws by means of the first order Chapman-Enskog expansion which are identical 3 to the original Boltzmann equation. We now sketch this computation for the simple model (4) : by taking moments in v of (1) or (4) 1.3. Scope and outline of the paper. Our main goal hereafter is to present an original manner to derive so-called "well-balanced" numerical schemes in the sense of [34] for the simplified BGK model (4) of the Boltzmann equation when f depends only on one space variable, that is, f = f (t, x, v) with x ∈ R, v ∈ R 3 . This corresponds to a rather realistic modeling of a one-dimensional configuration where particles can still wander with a 3-dimensional peculiar velocity.
In the perspective of numerical schemes, it is fully consistent with the "finitevolumes" discretization of transport equations because in such a method, one is always led to tackle one-dimensional problems in the space variable, that is, in the direction orthogonal to the interface separating 2 adjacent computational cells. We shall therefore study well-balanced discretizations of the initial-boundary problem for the approximate model of the one-dimensional Boltzmann equation [14] :
In particular, we shall be especially interested in the accurate computation of perturbations of uniform, steady equilibria M (v) with zero bulk velocity, for which it is reasonable to assume (see e.g. [23] p.103):
In this case, the perturbation h is meant to satisfy the linearized BGK equation,
with ψ i , i = 0, ..., 4 being the orthonormal basis functions of the vector space spanned by the 5 collisional invariants. Their expression is available in several papers [6, 13, 30, 49] and the integral term in (6) is usually written like:
This is the kind of integro-differential equation to which it becomes possible to apply the well-balanced strategy presented in [31] (which generalized [32, 33] ) at the price, however, of a higher computational complexity. In order to balance accurately the convection and the collision processes in (6), it is necessary not to dissociate them as it is nearly always done usually in the time-splitting method [29, 52, 53, 54] . One has therefore to include the collision term's effects inside the numerical fluxes at each interface; this can be achieved by means of a formal localization involving Dirac masses (such a process can sometimes be proved rigorously: see §2 in [33] ),
where ∆x > 0 is the space-step of the chosen computational grid. When deriving any finite volume scheme for (7), it is necessary to compute numerical fluxes at each interface (j − 1 2 )∆x, j ∈ Z: it is precisely at these locations that the collision term is "ignited". When h is discontinuous, the right-hand side of (7) contains a so-called "non-conservative product" [48] : in order to define correctly such a quantity in this context, it is necessary to resolve the steady-state problem for (6) .
It is at this level that a remarkable observation originally due to Case for radiative transfer problems [15, 16] , but extended to linearized models of the Boltzmann equation by Cercignani and collaborators (see chapter VII in [22] and also [2, 17, 18, 19, 20, 21, 24] ) enters the picture: the complexity of solving of the steady-state WELL-BALANCED AND ELEMENTARY SOLUTIONS 7 problem for (6) can be strongly reduced by applying an astute decomposition of the unknownh(x, v). This brilliant idea will be presented in some detail in our §2 in the context of the time-dependent problem (6) with ν = 1. Especially, the stationary equation can be split in such a way that the shear effects and the heat transfer decouple: the corresponding scalar "reduced viscosity equation" (according to the terminology of [17] ) will be derived in §2.2 and the 2 × 2 system for heat transfer effects, in §2.3 (some complementary details concerning the heat transfer system are developed in Appendix A). In §2.4, consistency with compressible NavierStokes equations is studied. In §3, the numerical aspects of such a strategy will be examined in detail: basically, one starts in §3.1 by setting up a Gaussian quadrature in the ξ variable. Then [31] can be partly followed in order to treat the reduced viscosity equation: see §3.2. More involved numerical techniques are necessary for treating the system rendering the heat transfer effects: see §3.3. In §3.4, we shall explain some links existing with the so-called "micro-macro decomposition" [49, 50] of the Boltzmann equation. Numerical results on a standard transient Couette flow problem are displayed in §4 with several values of the accommodation coefficient at the boundaries. Some components of the stress tensor must be constant at the numerical steady-state according to e.g. [70] : it can be checked on Figs. 6 and 8 that our well-balanced approach behaves much better than the usual time-splitting scheme on this particular point. A similar presentation appears also in §5 for heat transfer problems partly taken from [60] and a sound wave propagation taken from [65] : here again, some quantities are meant to be constant at numerical steady state, namely the momentum and the heat flow as shown on Figs. 11 and 13. A question of interest is the behavior of the numerical scheme for small Knudsen numbers, that is, for values of ν ≫ 1 in (6). It turns out, and we shall show numerically in §6 that our well-balanced strategy is completely independent of the size of ν. In particular, only a tiny modification, already explained in §3.3 of the former paper [31] , allows to handle stiff problems endowed with a small Knudsen number. A preliminary numerical experiment involving a computational domain split into several regions, each one being endowed with a different mean free path with discontinuous borders, is presented in §6.2. Finally, some concluding remarks are drawn in section 7.
2. Elementary solutions for the BGK model of Boltzmann equation.
2.1.
Cercignani's decomposition of a time-dependent problem. Here, we mean to follow both [22] , Chapter VII, and [45, 65, 62] in order to present the decomposition of h(t, x, v) leading to the aforementioned decoupling properties. We start from the linearized equation (6) , change its variables,
where T 0 > 0 is a temperature of reference and define the 5-components vector:
A direct computation shows that: ( T denotes transposition)
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Moreover, there holds an orthogonality property:
Following Cercignani [22] , we introduce the (normalized) functions:
infinite flat plate gas flow Figure 1 . Geometry of the one-dimensional model (6) .
which are orthogonal in the following sense,
Recalling the notation v 1 = ξ, the solution h(t, x, v) of (6) can be expanded:
where the components Ψ i are "unusual moments" of h and read for i = 1, 2, 3, 4,
and Ψ 5 belongs to the orthogonal complement of the subspace spanned by the g i 's in the weighted Hilbert space L 2 (R 3 , exp(−|v| 2 )dv). It turns out that each component Ψ i (t, x, ξ) is closely related to the perturbations in ̺, T , and the fluid's transverse velocities u 2 and u 3 , respectively. All in all, the equation (6) for h(t, x, v) rewrites:
with Ψ(t, x, ξ) being the vector of 4 components and P, Q the two matrices,
Cercignani [23] (page 112) claims that Ψ 5 , solution of 
which corresponds to one of the last 2 lines of (12)- (13) . As it is customary for wellbalanced schemes, we are primarily interested in solving the stationary equation.
It has been first derived in [17] where the steady-state boundary problem has been studied; later, several existence, uniqueness and stability results have been produced in [18, 40, 11, 41, 42, 3, 67] . More precisely, according to [11] (pp. [18] [19] , the socalled "forward-backward problem" for the equation,
with inflow boundary conditions in x = ±a,
), see also [3, 35, 39, 67, 68] . Moreover, a useful feature of this stationary problem is that its solution admits an explicit formulation which is found by separating the variables. Following [17] (see also [15, 16, 7, 64] for similar matters in radiative transfer theory), we assume that:
with ν ∈ R being usually called the "constant of separation". By inserting this ansätze in the equation, one sees that ϕ ν must satisfy:
with the right-hand side which value can be normalized to unity by linearity. One has therefore to distinguish between the values for which ν − ξ can vanish or not; thus ϕ ν is a distribution including a Cauchy principal value denoted by P V ,
where the weight of the Dirac mass reads:
The linear problem (16) can be recast in the general theory of integral equations of the third kind [8] ; indeed, Theorem 3 of [8] applies with the notation,
The solution (17) - (18) is derived in [22] (pp.158/159): however, it corresponds to a particular case of the general formula (3.15) in [8] with the choices:
The singular functions ϕ ν constitute a set of "generalized eigenfunctions" endowed with specific orthogonality and completeness properties (see [22] pp.158-159 or [16, 41, 42, 43] ). As a consequence, it comes that any smooth solution of the stationary problem for (14) with inflow boundary conditions can be expressed as follows:
The quantities α, β and A(ν) are determined by the boundary conditions in x = ±a.
Remark 1.
Because of the very definition of ψ given by,
for j = 2 or 3, its average yields the fluctuations of the transverse momentum:
The proof is straightforward: one starts from the expansion (10) , and writes the definition of the macroscopic momentum as a function of the kinetic distribution h,
Thanks to the orthogonality property of the functions g i (v 2 , v 3 ) with respect to the exp(−v 3 )-weighted scalar product, one can deduce that for j = 2 or 3,
2.3.
Elementary solutions of the heat transfer system. In this subsection, we focus on the 2 × 2 coupled system which corresponds to the 2 first lines of (12)- (13) and work hereafter with the following notation:
Here again, we are mainly interested in the solution Ψ(x, ξ) of the stationary boundary-value problem which reads:
with the truncated matrix P,
and some smooth inflow boundary conditions in x = ±a like in the preceding subsection. Let us first observe that the vector-valued integral,
doesn't depend on x and is just a constant (the mass flow rate). Hence, according to [59, 45] (or [22] page 156), it can be safely removed (see details in our Appendix A). The main result of [45] (see also [61, 62, 63] ) states that the solution of:
can be written as,
where we have set
The singular functions Φ(ν, ξ) ∈ R 2 are the analogues of the (scalar) generalized eigenfunctions ϕ ν (ξ) in the preceding subsection; they satisfy the equation,
where, for S(ν) := P(ν)
and Id standing for the identity matrix,
The constants of separation are the zeros of the "dispersion relation":
Theorem 1 in [45] ensures that the set of functions P(ξ) e i , P(ξ)(x−ξ) e i and Φ i (ν, ξ) for i = 1, 2 and ξ ∈ R constitutes a complete basis set for smooth solutions of (22) .
Remark 2.
Again, by the very definition of Ψ(t, x, ξ) given by,
its averages yield the fluctuations of the density and the temperature of the gas:
Other quantities, like the heat flow or the pressure, can be deduced as well [65] .
2.4.
Consistency with Navier-Stokes-Fourier equations. On pages 106-108 in [23] , Cercignani explains that stationary solutionsh to the linearized Boltzmann equation (2) depending only on one space variable x are naturally consistent with the compressible Navier-Stokes equations linearized around ̺ 0 , u ≡ 0, T = T 0 . Here, we want to show that h, as reconstructed by (10) from the explicit solutions computed in (19) and (23), enters his framework and is therefore consistent with the linearized compressible Navier-Stokes system extracted from the Chapman-Enskog expansion for the BGK model (see [51] ). Recalling the collisional invariants Φ(v) in (8), one can write down the linearized BGK collision operator as follows:
Thus, mimicking the computations in [23] , one can invert easily the linear equation L BGK (h) = v 1 Φ i and the corresponding solution reads:
Hence the expansion written on page 106 in [23] rewrites for the present BGK model: (28) where some terms generated by L −1
, have been included in the A i coefficients. For instance, by picking up Ψ 3 (x, v 1 ) = ψ(x, ξ), one sees that the expression (19) has to be multiplied by g 3 (v 2 , v 3 ) = 2 π v 2 and this matches one part of the equation (28) . The remaining part, besides Ψ 5 which can be put inside the integral sign and Ψ 4 which is very similar to Ψ 3 , concerns Ψ 2 which can also be included in (28) at the price of slightly heavier computations.
By definition, the expression (23) of Ψ(x, ξ) ∈ R 2 free from damped modes reads:
This yields that, upon neglecting both exponentially damped terms and the contributions of Ψ 3,4,5 , the kinetic density h(x, v) can be reconstructed as follows:
The last equality results from the simple observation that as ξ = v 1 , there holds:
At this point, since we have fully shown that the expansion (10) can be put under the form (28), we are in position to take advantage of the conclusions drawn by Cercignani in [23] , page 108. Namely, by dropping the terms weighted by exponential terms, we get that the corresponding macroscopic quantities ̺(t, x), u(t, x), T (t, x) satisfy the Navier-Stokes-Fourier equations linearized around the basic values ̺ 0 > 0, u ≡ 0 and T = T 0 > 0. The expression of the viscosity and heat-conduction coefficients µ and κ involves the one of L −1
BGK : hence they depend on the particular kinetic model under consideration. In our case, it implies that the underlying Navier-Stokes system will involve an incorrect Prandtl number.
3. Well-balanced and Analytical Discrete-Ordinate (ADO) method. Hereafter we work with a uniform Cartesian computational grid in space and time determined by ∆x > 0 and ∆t > 0 where the time step is meant to satisfy the standard hyperbolic CFL condition, max(|ξ|)∆t ≤ ∆x such that Ψ(t, x, ξ) > 0. The wellbalanced character of our scheme will come as a consequence of discretizing the "localized equation" (7) . Similar methodology has already been used for radiative transfer problems in [31] and earlier, for discrete-velocity models, in [32, 33] .
3.1. Gaussian quadrature in the velocity variable and ADO. The Case's method of elementary functions has been extended by many authors, see e.g. [16, 17, 18, 22, 25, 26, 43] . For numerical purposes, it has been introduced under the name "Analytical Discrete-Ordinate method" in [7] . Roughly speaking, it consists in first, introducing a N -point Gaussian quadrature on the interval 4 (0, 1) given by the following points and weights:
This quadrature is multiplied by a number ξ max ≃ max(|ξ|) which is an estimate of the maximal velocity that particles may have, that is, for which Ψ(t, x, ξ max ) > 0 at some location t, x ∈ R + × R. Hence the parameters are modified accordingly: (29) with N = 25 (right) for griding ξ ∈ (−3.5, 3.5).
From Fig.2 , one sees that the choice (29) produces more points near ξ = 0, which may improve the overall accuracy of the Gaussian integrals yielding macroscopic moments. Second, it computes a finite set of constants of separation ν ∈ (R + ) N which is an approximation of both the discrete and continuous part of the spectrum derived in §2.2. Third, it determines the coefficients of the generalized eigenfunctions out of the given inflow boundary conditions. Let us rewrite (15) as follows:
with a ∈ R, ξ ∈ R and supplemented by inflow boundary conditions:
Analogously with the continuous case, the separation variable ν is introduced:
Plugging into (30) and taking the quadrature rule into account yields:
It is at this level that a trick is used in order to reduce the cost of this eigenvalue problem: let us denote Φ ± (ν) = (ϕ(ν, ±ξ k )) k∈{1,...,N } and Id the identity matrix of R N . By using the same notation for a vector in R N and its corresponding N × N diagonal matrix, it comes for any ν:
Barichello, Siewert and Wright [7, 64] now observe that (32) reduces to:
This problem can be recast under a very tractable one. Indeed, one multiplies on the left by the diagonal N × N matrix diag( ω k exp(−ξ 2 k )) and obtains:
The eigenvalue problem for ν only is endowed with "good properties" [64] ; in particular, as the components of z never vanish, we have the interlacing repartition,
Clearly, ν N stand for the discrete part of the spectrum thus we have a degeneracy at infinity [68] and the corresponding eigenvalues ±ν N are meaningless.
3.2.
Complete time-dependent scheme for shear flow. We now define a space/time computational grid determined by a time step ∆t > 0 and the uniform width of the cells ∆x > 0 such that the CFL condition holds, ξ max ∆t ≤ ∆x:
Then we introduce approximate values as follows:
where ξ k still refers to the Gaussian quadrature rule (29) . The general methodology of well-balanced schemes stems on localizing the source terms of hyperbolic equations onto a discrete lattice; presently, it consists in passing from (14) to:
Consistency with the continuous problem (14) is a consequence of:
More details about consistency for hyperbolic systems of balance laws are to be found in [1] . For discontinuous solutions, the right-hand side of (35) becomes a nonconservative (NC) product and should be defined carefully. It has been rigorously shown in [33] (see §2.1) that in the simpler case of a discrete velocity model, the localization process yields a BV-bound on the corresponding sequence of solutions. The NC product can therefore be defined as a weak limit in the theory of [48] . It induces a stationary contact discontinuity across which holds a jump relation following the integral curves of the steady-state equation (15): this is the reason why the steady-state problem has been studied in the preceding section. Based on the definition of ψ and fixing the transverse direction to be x 3 , the following macroscopic quantities can be recovered according to the quadrature rule (29) :
i.e. the transverse momentum and the shear stress, respectively (see e.g. [6, 70] ). When the ξ-variable is discretized, the kinetic equation (35) becomes a strictly hyperbolic semi-linear system of balance laws [4] which right-hand side contains nonconservative products having an effect only on the lattice x j+ 1 2 , j ∈ Z. In order to be fully consistent with steady-states regimes (which are of particular importance in this context), we choose to apply the Godunov scheme to approximate (35) . In the terminology of [1] , we thus have Riemann problems containing "zero-waves" at every interface x j+ 1 2 separating two adjacent computational cells C j and C j+1 , see Fig. 3 . As done in [1, 31] , we first focus on approximately solving the boundary value problem for the steady-state equations (15) assuming that the constants of separation ν have been computed previously as a pre-processing step.
So let us consider some interface at x j+ 1 2 at time t n = n∆t separating the cells C j , where the piecewise constant approximation of ψ reads ψ n j (±ξ k ) and C j+1 , where it is ψ n j+1 (±ξ k ). The method of elementary solutions for (15) suggests to seek an approximation of (19) under the following form, for x ∈ [0, ∆x]:
where E stand for the finite superposition of the damped modes,
and matching the inflow data, [32, 33] and [31] , the Godunov scheme for (35) reads:
where the left/right statesψ L,j+
(ξ) are deduced from the previous numerical approximation of the steady-state curves for (14) , that is,
and, with the set of coefficients α, β, A and B computed at
Clearly, it is more efficient to compute eachψ L/R,j+ 1 2 (±ξ) out of ψ n j/j+1 (±ξ) by means of matrix operations. However, the scheme (38) is not suitable for direct implementation because in order to compute the set of coefficients, one would have to invert a matrix containing both exp(∆x/ν ℓ ) > 1 and exp(−∆x/ν ℓ ) < 1 terms.
To fix this defect, we modify the expansion (37) by changing the N − 1 coefficients
N waves with positive speeds Only ψ(ξ) jumps Zero-wave induced by Dirac mass N waves with negative speeds Only ψ(−ξ) jumps Figure 3 . Self-similar solution of non-conservative Riemann problem.
B ℓ → B ℓ exp(∆x/ν ℓ ) which leads to inverting the following linear problem:
where the 2N × 2N matrix M reads for
By defining the complementary matrix,
one observes that, for any j ∈ Z, the interface values in (38) are given by:
Therefore, the correct way to implement the well-balanced Godunov scheme for (14) consists in iterating in time (38) after having previously computed all the necessary interface values using (39) . Obviously, the productM M −1 must be performed before setting up the time-marching process. Numerical results on the classical Couette flow obtained with this numerical algorithm will be displayed in §4.
3.3.
Complete time-dependent scheme for heat transfer. We now proceed to handle numerically the 2 × 2 system extracted from the two first lines of (12)- (13); for ease of writing, we shall hereafter use the notation Ψ for the vector of R 2 which reads Ψ(t, x, ξ) = (Ψ 1 Ψ 2 )
T . According to §2.1, this vector is solution of the initial/boundary value problem for:
where the matrix P reads,
The derivation of the well-balanced Godunov scheme for this problem follows the same canvas as [31] or the former subsection; in particular, the same computational grid (34) and the same Gaussian quadrature rule (29) will be used in order to produce a piecewise constant approximation of Ψ:
The first step is to localize the integral collision term on the discrete lattice (j + . The structure of the resulting non-conservative Riemann problems is identical to the one displayed on Fig. 3 . We thus proceed to explain how the stationary solutions satisfying the boundary value problem for (22) can be computed in practice at each interface x = x j+ 1 2 following ideas originally proposed by Siewert in [60] (see again Appendix A). Since |P(ξ)| = − 2/3 = 0 for any value of ξ ∈ R, one can define:
The aforementioned 2 × 2 matrix S is clearly symmetric and moreover, ∀ξ ∈ R, S(−ξ) = S(ξ).
Hence, assuming the macroscopic flux term vanishes, it comes from (22) that:
which is an expression quite similar to (30) . By the classical separation of variables trick, one writes for some separation constant ν = 0 and a function ϕ ∈ R 2 :
Approximating the semi-infinite integrals in (40) by finite sums yields:
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At this point, and for any value of ν, the following 2 vectors can be defined:
And, for ϕ ± := (ϕ
, the 2N × 2N weight matrix
and the 2N × 2N invertible diagonal matrix D = diag(ξ ξ), it comes that:
. This eigenvalue problem for ν only produces a set of 2N approximate constants of separation, among which 2 are meaningless as they correspond to collisional invariants. One can observe that this procedure is more efficient when it comes to practical implementation compared to the solving of (26) . According to the general expression of the solution (23), a convenient numerical approximation of the stationary equation posed in the interval x ∈ (0, ∆x) reads:
where, analogously with the scalar formula (37), E stands for the finite superimposition of exponentially damped modes,
and finally, the vectorsR(ν ℓ ) are numerical approximations of the exact ones computed in (25) . Each one belongs to the null-space of the following 2 × 2 matrix:
for any index ℓ ∈ {1, 2, ..., 2N − 2}. The factor 2 results from the fact that S and ξ 2 are even functions, which allows to reduce (25) to the approximation of a semiinfinite integral by means of the Gaussian quadrature rule (29) . Clearly, from the knowledge of the inflow boundary conditions at each extremity of the computational domain, it is possible to compute the approximation (41) at any location x, ξ k ∈ (0, ∆x)×ξ by inverting a matrix for the set of coefficients α 1,2 , β 1,2 , A ℓ , B ℓ . However, as it has been noticed in §3.2, such a matrix would contain both exp(∆x/ν ℓ ) > 1 and exp(−∆x/ν ℓ ) < 1 terms, which may generate some instability. It is therefore convenient to rescale again the coefficients B ℓ → B ℓ exp(∆x/ν ℓ ) in order to solve a linear system of equations involving the 4N × 4N following matrix:
where the fraction bar means here component-wise division,
and d stands for the 2N × N "doubling matrix",
At each interface x j+ 1 2 between the computational cells C j and C j+1 , the set of 4N coefficients α 1,2 , β 1,2 , A ℓ , B ℓ satisfying the compatibility conditions is sought:
Thanks to the preceding definition of M , the resolution of the equations (41)- (42) is reduced to the inversion of the linear system:
From (43), one computes easily:
and those are precisely the values which are necessary in order to set up a wellbalanced Godunov scheme for the 2 × 2 system extracted from (12)- (13):
As for the treatment of the reduced viscosity equation, the computation of the set of aforementioned coefficients is not necessary: it suffices to introduce another matrix M which reads, (with the same notations as the ones used in M )
in order to derive the relation at each interface in the computational domain:
Obviously, the matrix inversion/productM .M −1 has to be performed before starting the iterations in time. This derivation of interface values offers 2 advantages:
1. The scheme (45)- (46) is completely linear thus there's no substantial obstacle for making it implicit in time in order to go beyond the usual CFL restriction. 2. The condition number of the matrix productM M −1 remains very close to unity for several values of N between 10 and 40 which is a good sign for general stability (see Table 1 with ∆x = 2 −5 ).
Therefore, the set of relations (45) and (46) constitutes the correct way to implement the well-balanced Godunov scheme on the subsystem of (12) describing density fluctuations and heat transfer effects. Its practical realizability and its accuracy will be checked in the forthcoming §5 and §6. (ξ) for which the flux conservation holds: for any j, n ∈ Z × N,
This is actually what happens as one can check on Fig.4 where we display the values of the macroscopic flux on each side of all the interfaces of the computational domain during some transient computation. Another important quantity is the heat flow, which, as a function of Ψ, reads
and is approximated by
When the well-balanced scheme reaches steady-state, both the macroscopic mass and heat fluxes stabilize onto a constant 6 up to small errors related to the Gaussian quadrature (29) : see practical illustrations on Figs. 11 and 13. 3.4. A link with Liu-Yang-Yu's "micro-macro decomposition". When choosing this different approach, one starts by considering the Boltzmann equation (1) with its right-hand side divided by a small number ε (related to the molecules mean free path) inside which the following decomposition is plugged:
The quantity M (t, x, v) is the local Maxwellian distribution completely determined by the 5 first moments of f in the v variable. By exploiting the bilinearity of Q and the property Q(M, M ) = 0, (1) is reduced to:
Next, one observes that for each t, x, the linearized operator L M admits a null space which is spanned by the orthogonal basis M (t, x, v)Φ(v). Thus an analogue of the orthogonal projector P, denoted Π M in [13] , is introduced. The algorithm proceeds by letting Π M act on (48): for instance, Proposition 3.2 in [13] states precisely what coupled system one gets by means of this method for the BGK model (4) of the Boltzmann equation with ν = 1 ε when v ∈ R is one-dimensional. Several relations exist between this approach and the present well-balanced strategy:
1. The separation fluid/microscopic variables is automatic in (19) and (23): in particular, there is no need to decompose the initial data. 2. The implementation of boundary conditions is straightforward for the wellbalanced schemes (38) and (45) because both act directly on kinetic variables (the decomposition fluid/microscopic is carried out inside the numerical fluxes at each cell's interfaces through (39) and (46)): in particular, implementing walls with accommodation coefficients different from 0 or 1 may be delicate in the schemes presented in [30, 13] . 3. There is in general no well-balanced property built in the micro-macro algorithms: one may be tempted to wonder how quantities supposedly constant at steady-state are rendered with these schemes for ε ≃ 1. 4. The micro-macro algorithms are able to handle non-linear collision terms, and this is not yet doable in the present well-balanced methodology. Indeed, when the stationary equations become non-linear, the superposition principle leading to the elementary solutions decomposition cannot hold true.
Numerical results for transient Couette flow.

4.1.
Implementation of boundary conditions. In this subsection, we mainly follow [70] (see also [9, 10, 6, 57] ) in order to demonstrate the high accuracy achieved by the well-balanced Godunov scheme (38)-(39) when solving (14) in the context of the classical Couette flow for a viscous incompressible fluid. In particular, the behavior of shear stress at steady-state will be displayed.
Remark 4.
Let us note at once that in [70, 6] , the authors considered moments of the kinetic density h simply against v 2 or 3 exp(−v
3 )/π whereas the functions written in (9) are orthonormal. There is thus a π 2 normalization factor between both models (see e.g. formulas (48)- (49) in [70] ).
The implementation of boundary conditions is done according to what Cercignani [23] calls the simplest kernel model (on page 73) which reads in one dimension,
where the parameter α ∈ [0, 1] is called the "accommodation coefficient" and accounts for the proportion of molecules which undergo a specular reflexion while the remaining fraction is dragged by the transverse movement of the walls. When α = 1, one speaks about no-slip boundary conditions because the fluid has zero velocity relative to the boundary. In our context, this means that all the molecules hitting the walls get stuck at these boundaries and thus are completely driven by their transverse movement. For any value of α ∈ [0, 1], it is well-known that the (1,3)-component in the pressure tensor (one may also speak about the normalized shear stress, see formula (15) in [6] ) must be a constant at steady-state. Indeed, this quantity reads:
and its x-derivative must vanish at the steady-state of (14) . In general, timesplitting schemes aren't endowed with this type of property, even in a somewhat simpler context of quasilinear hyperbolic systems of conservation laws with source terms, and we shall see that the discrepancy can be important for Couette flow.
4.2.
No-slip condition: α = 1. In this case, the gas velocity at each fluid/solid boundary equals the one of solid boundary: according to [70] , the kinetic density h must be proportional to the one of the wall, denoted by u wall > 0,
Thus, applying the definition given by the orthonormal functions (9), one obtains:
Hence in order to ensure that ψ(t, x = ±1, ∓|ξ|) = ∓u wall can hold, it is necessary to fix λ = 2 π . In [70, 6] , the authors used a different normalization constant, 1 π instead of 2 π , thus they are led to select λ = 2. On Fig.5 , we display the steady-state obtained by iterating in time the well-balanced scheme (38)-(39) for u wall = 1 until convergence of the residues up to 10 −15 ; this happens for t ≃ 100 with a CFL number of 0.9, a value of ξ max = 3.5, N = 25 (that is, 50 grid points in the velocity variable) and 2 6 points griding the computational domain x ∈ (−1, 1). The quantities shown on this figure are respectively the transverse momentum (20) (top, left), the shear stress (49) (top, right), the kinetic density ψ visualized in the plane x, ξ (bottom, right) and the residues decay in logarithmic scale (bottom, left). The initial data has been chosen very far away from the equilibrium distribution like in the numerical tests studied in [31] : anyway, we observe a monotonic decay and a global stabilization of the numerical process. In particular, the normalized whether or not a more classical time-splitting discretization was able to reach a steady-state with similar properties [27, 28] . Thus a straightforward time-splitting marching scheme has been set up for solving the reduced viscosity equation (14):
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LAURENT GOSSE the outcome of both numerical processes is shown on Fig. 6 . Needless to say, the unphysical character of the shear stress generated by the time-splitting scheme is very apparent as it displays a relative variation of the order of 12.7%. The one computed by the well-balanced scheme (38)- (39) appears constant in comparison. We checked that this constant value is very close to the ones given by Cercignani in his book [23] on page 121: for a Knudsen number of 2, values of the shear stress between 0.4437 and 0.444 are obtained with 3 different methods. This is compatible with the results generated by the scheme (38)- (39) . Concerning the little overshoot of the macroscopic momentum over 1, we believe that this comes from the Gaussian quadrature and the relatively small value of ξ max because both the well-balanced and the time-splitting schemes display this feature. It is therefore not related to the way the integral collision term gets treated numerically.
4.3. Partial specular reflexion: α = 1 2 . Now we have in mind to compute a more complex situation, where molecules can undergo both the dragging effect of the transverse movement of the walls and specular reflexion. Therefore, (50) has to be substituted with a more general expression holding for any α ∈ [0, 1]:
Taking again moments according to (9), we obtain the boundary conditions for ψ:
On Fig. 7 , we display the results obtained with the same parameters than the ones used in the preceding subsection, but with the notable difference coming from the accommodation coefficient α = 1 2 . Clearly, the kinetic density at numerical steadystate (bottom, right) displayed in the x, ξ plane appears quite different compared to the one on Fig. 5 . However, the shear stress (49) (top, right) keeps on being practically a constant: it varies between 0.3226598 and 0.3226603. It took roughly the same amount of time to get the residues to a value of the order of 10 −9 , thus revealing a more delicate stabilization process. On Fig. 8 , we show the comparison between the outcome of a classical time-splitting scheme for (14) with the accommodation coefficient α = 1 2 on each wall and the well-balanced scheme (38)- (39) . The conclusions are similar to those in the preceding subsection: the time-splitting scheme seems to be unable to produce a constant shear stress at numerical steadystate whereas the well-balanced approach does. Interestingly, one can notice that the correct (constant) value computed by the well-balanced scheme is not close to the arithmetic average of the time-splitting approximation.
5.
Numerical results for heat transfer and sound wave.
5.1.
Two "density bumps" with specular reflexion. This subsection is devoted to illustrate the time evolution of the well-balanced Godunov scheme (45)- (46) when one applies an initial data of the same type as the ones used in [31] :
and the second component Ψ 2 (t = 0, x, ξ) = −0.75Ψ 1 (t = 0, x, ξ). The simulation takes place in the computational domain x ∈ (−1, 1) with purely specular boundary conditions at each border: 
5.2. Walls with different temperatures: α 1 = α 2 = 1. Hereafter we are concerned with heat transfer problems [9] : namely, we shall study the time evolution of Ψ when the walls located in x = ±1 are heated and thus locally increase the gas temperature. First, the case where both walls have opposite temperatures and the same accommodation coefficient, and second, when accommodation coefficients are different. Following [60, 70] , we give the boundary conditions:
The coefficients α i ∈ [0, 1], i = {1, 2}, are the accommodation coefficients of each wall, the ones denoted by δ i = (T i − T 0 )/T 0 stand for the deviation of the temperature of each wall with respect to a temperature of reference T 0 (which can be taken
The coefficients β i must be computed in order to ensure that the mass flux at the walls is always zero,
We give some details about the computation of β 1 which is related to x = −1: 
Assuming that α 1 = 0, one can simplify the preceding expression:
Thus it is possible to express β 1 as a function of the known quantities:
LAURENT GOSSE
The Gaussian integrals in (54) can be computed explicitly because
hence the exact value of β 1 reads, (as done by Siewert in [60] )
However, we believe that one should better compute β 1 approximately according to the Gaussian quadrature (29) at each time step in order to ensure that the numerical macroscopic fluxes (52) actually vanish on each border of the computational domain. Clearly, the computation of β 2 for the wall located in x = 1 is completely similar thus we omit it. On Fig.10 , numerical results at steady-state are shown for 
(meaning the wall in x = −1 is hot and the one in x = 1 is cold) and the same accommodation coefficient for each wall. The remaining computational parameters are the same than the ones chosen in the preceding sections. The kinetic density displayed in the x, ξ plane (bottom, left) is Ψ exp(−ξ 2 ). e 1 , which first moment in ξ yields the macroscopic density ̺ (top, left). Logically, we find that the density is lower in the vicinity of the hot wall and bigger close to the cold one. The temperature decreases monotonically with x despite the specular reflexion taking place on each wall. At numerical steady-state, it is of critical importance to get constant mass and heat flows (47): actually, one can check on Fig.11 that despite the complexity of the test-case, they vary between 0 and 2.5 × 10 −7 , 0.489255 and 0.489262, respectively. Such small variations allow to consider them as constant.
5.3.
Walls with different accommodation coefficients: α 1 = α 2 . Here, we consider a case similar to the preceding one, except that the walls have different accommodation coefficients; this has been already studied in e.g. [10] (see also [46, 47] ) with different methods. Actually, the computation leading from (53) to (54) in the preceding subsection extends without difficulty to the case where α 1 = α 2 . On  Fig.12 , we display numerical results at steady-state for the test-case considered in [60] , which consists in fixing α 1 = 0.7 and α 2 = 0.3 with all the other parameters being kept equal. The first thing one can notice is that this seemingly little change implies that it takes twice the time to reach the numerical equilibrium. The macroscopic density (top, left) doesn't show much changes with respect to Fig.10 , however the temperature looks much more different (top, right). We stress that our values are completely compatible with the ones found by Siewert (see Table 1 in [60] , page 261) using a very different method: in particular, he solves by a least-squares technique the boundary-value problem for the stationary equation (22) with a = 1. Finally, we observe that, even on this delicate test-case, our well-balanced Godunov scheme (45)- (46) succeeds in stabilizing onto a physically correct numerical steadystate with monotonically decreasing residues; precisely, the mass and heat flow rates vary between 0 and −3.5 × 10 −7 , 0.773610 and 0.773635, respectively. Moreover, the value of the normalized heat flux 7 differs from the one written in [60] (page 262, with N = 60 versus N = 25 in the present time-marching case) by only 0.17%. The walls have correctly thermalized the gas: such results can be considered satisfying.
5.4.
Sound wave in rarefied gas. Besides the density and the temperature of the gas which can be computed as indicated in (27) , the (1, 1) component of the pressure tensor p 1,1 (t, x) and the gas pressure p(t, x) can be deduced from Ψ (see e.g. [65] ),
The normalization factor is
, see [6] . and respectively,
Here, following [65] , we have in mind to simulate a transient test-case for which one cannot expect a stabilization in large time onto an asymptotic stationary regime with zero macroscopic velocity. Namely, it consists in studying the effects of a sinusoidal vibration of the plate located in x = −1 on the gas with the other one in x = 1 inducing a pure specular reflexion (see Fig.1 in [36] ). We decided therefore to set up the well-balanced Godunov scheme (45)- (46), but with the modified matrices adapted to the computation of unsteady regimes which are derived in §A.2 of the Appendix 8 . The inflow boundary condition in x = −1 reads for Ψ:
As before, the number β is there to express the fact that the walls located in x = ±1 are impenetrable to molecules so that no mass flux can exist through each of them.
Computing exactly the Gaussian integrals yields the boundary conditions:
Obviously, the specular boundary condition in x = 1 corresponds to the former one with α = 0. Numerical results in t = 4.35 with α = 0.7 are displayed on Fig. 14: as one can have expected, a pressure rise occurs in the vicinity of the vibrating wall, together with an increase of the density and the temperature. However, these high values get damped quickly with x, the distance measured from the moving wall.
No spurious oscillations appear in the approximate numerical values computed by means of our well-balanced Godunov scheme (45)- (46) despite the implementation of a periodic boundary condition.
6. What happens when the Knudsen number becomes small ? Up to now, all the considerations have been based onto the linearized problem (6) for which the Knudsen number has been set to unity. However, it is an object of interest to derive numerical schemes able to remain stable and capture the correct fluid behavior as the Knudsen number decreases toward zero (the so-called Euler limit).
In this section, we plan to show numerically that this feature is naturally included in our well-balanced strategy; thus we begin by substituting (6) with:
6.1. A small Knudsen number in the whole domain. Thanks to our localization process of the source term on a discrete lattice corresponding to cell's interfaces involving the Dirac masses (and the non-conservative products [48] ), its action is rendered by means of jump relations across the "zero-waves" which appear in the Riemann solver (see Fig. 3 ). In order to cope with the correct definition of these zero-waves [1, 32, 33] , one has to follow integral curves of the stationary equation for (55), which reads: For any value of ε > 0, this equation is solved explicitly by means of the expansion (10) and the elementary solutions (19) and (23) . Moreover, we know from §2.4 that such a construction is consistent with the linearized compressible Navier-Stokes equations. Now, in order to handle very easily the values of ε = 1, it suffices to observe that the forward-backward problem for (56) is equivalent to the special case ε = 1 considered in this paper, but with x ∈ (0, ∆x/ε). Therefore, the only tiny change to be done inside the well-balanced schemes (38) and (45) is to introduce modified matrices M ε andM ε where all the terms in ∆x have to be replaced with ∆x/ε in order to compute the interface values (39) and (46) . The presence of ∆x/ε clearly modifies the condition number of the matrix productM ε (M ε ) −1 as seen on Table 2 . In particular, no restriction appears on ∆t despite the stiffness of the collision term. This is reminiscent of the fact that well-balanced schemes are built on NC Riemann solvers for which stiffness cannot create stability issues, as explained in e.g. §3.3 of [31] . On Fig.15 , we show what happens for the heat transfer testcase with different accommodation coefficients as proposed by Siewert in [60] and already studied in §5.3 (see Fig.12 for comparison with ε = 1). The development of Knudsen's layers is very noticeable when dividing ε by 10. The different values α 1 = α 2 create an asymmetry in the macroscopic fluxes which effect seems to decrease with ε. When decreasing ε even more, one sees the layers moving closer to the boundaries and hyperbolic waves beginning to emerge inside the computational domain: this is related to the observations in [13, 30] where the "micro-macro" strategy has been used in order to study similar situations. However, from [30] , we know that in order to handle very low values of ε, we have to prescribe 9 a time-step ∆t ≃ ε; we insist on the fact that here, the computational grid and the time-step have been kept strictly identical to the ones used in the former cases with ε = 1.
6.2.
A computational domain containing rarefied and fluid areas. Now we aim at studying what can happen with Siewert's heat transfer test-case when, for instance, the computational domain is split in the following way:
We mainly concentrate on the 2 × 2 coupled system describing density and temperature fluctuations because similar numerical experiments have been already conducted in [31] on a scalar equation which is very similar to the reduced viscosity equation (14) . In particular, it has been observed that, even with a strongly discontinuous opacity coefficient, the well-balanced Godunov scheme was able to numerically stabilize onto a stationary regime with a constant macroscopic flux throughout the whole domain (c.f. §3.3). Here, we would like to report on a similar behavior. the well-balanced Godunov scheme (45)- (46) . In particular, no coupling strategy is involved in order to handle the rarefied/fluid areas prescribed by (57) . Our strategy is very simple: as in the preceding subsection, we introduce the modified matrices M ε andM ε (where all the terms in ∆x have to be replaced with ∆x/ε) which are used in the "fluid region" located in the middle of the computational domain. In the "rarefied region" (located on both sides close to the walls), we use the usual M ,M matrices in order to compute the interface values (46) . The outcome of this methodology is shown on Fig.16 : the first thing one can notice is the very long time such a mixed problem takes in order to stabilize and reach numerical steady-state. We iterated our scheme up to t ≃ 1000 even if t ≃ 850 would have probably been sufficient. Even with so many iterations, the residues stall around 10 −8 , which is acceptable. The remarkable feature is that the numerical mass and heat fluxes (displayed on the middle row of Fig.16 ) practically stabilized onto a constant value: indeed, they vary between 0 and −1.7.10 −7 , 0.112850 and 0.112859 respectively. This happens despite the strong discontinuity (57) on the Knudsen number ε and the "Lipschitz corners" appearing on the macroscopic density and the temperature (top row of Fig.16 ). The only quantity which is perhaps not so satisfying is the pressure (bottom line, left) which displays 2 very weak discontinuities at the locations where ε varies: they express the fact that ̺ and T didn't exactly compensate each other in such a way that p ≃ ̺T would be smooth. However, discontinuities on ̺ and p at the borders between fluid and rarefied regions are initially rather strong thus these 2 remaining jumps appear quite weak in comparison.
7. Conclusion. We presented in this paper a global approach to well-balanced schemes for linear models of the Boltzmann equation depending on one space variable only [14] . The general methodology follows the early work by Cercignani on elementary solutions, extending earlier results obtained by Case on neutron transport [15, 16] . We didn't show numerical results on the whole kinetic density h(t, x, v) reconstructed by means of (10) because it is rather straightforward once both Godunov schemes for the reduced viscosity equation (38) and the heat transfer system (45) are implemented. Actually, the critically important point lies in the following fact: the present schemes are not of a time-splitting type [52, 53, 54] thus they don't suffer the drawbacks coming inevitably from the dissociation between the dispersive transport step and the collision process which drives the kinetic density function onto a Maxwellian equilibrium distribution.
We stress that the assumption of a solution depending on one space variable only doesn't constitute a severe drawback from the perspective of numerical computations, even in multi-dimension, because the microscopic velocity variable v is always kept three-dimensional all the way down. Indeed, it is completely possible to set up a finite volumes scheme (for instance on a Cartesian computational grid) and proceed by dimensional (Strang-) splitting. In this context, one faces at each time-step a problem of the same type that has been studied in the present paper for each direction x 1 , x 2 and then x 3 . Clearly, the kinetic density h would have to be fully reconstructed for each direction in order to be able to update the numerical approximation at the following step. Even in multi-D, finite volume schemes generally involve one-dimensional numerical fluxes, at least at a basic level. In particular, multi-dimensional computations may open the way for attacking the difficult problem of both asymptotic-preserving and well-balanced schemes for the incompressible limit [5, 56] in the same spirit as [31, 32, 33] .
Several other kinetic models can be handled by the present framework, at the price of potentially more involved computations. For instance, Barichello, Siewert and collaborators considered 3 different models besides the BGK equation in [57, 58] . Ch. Dalitz derived elementary solutions for certain models of the Boltzmann equation for charged particles in [25, 26] . Fokker-Planck equations are considered in [12] and general parabolic problems in [39] .
A.1. Details on the stationary equation. In their papers, Siewert and coauthors study analytically and numerically the stationary equation (22) which is deduced from the original 2 × 2 heat transfer system by dropping the flux term (21) . In this Appendix, we aim at giving some details on this procedure and explain in which circumstances this can be done in a time-dependent well-balanced framework. First, one can easily see (following comments in e.g. [59] ) that this term has a simple effect on the solution: by using the notation,
and recalling that P(−ξ) = P(ξ), one derives the reduced equation (22): ξ∂ x (Ψ − 2ξJ e 1 ) + (Ψ − 2ξJ e 1 ) = P(ξ)
Hence the effect of the "flux term" in the complete 2 × 2 system induces a shifting mechanism of the kinetic density onto the macroscopic flow J. If one assumes that in the geometry of Fig. 2 .1, the walls are impenetrable to molecules, then all the realizable equilibrium states of (12) are endowed with a zero macroscopic velocity, meaning that asymptotically, J = 0. In the well-balanced terminology for hyperbolic shallow water equations, this is strongly reminiscent of the regime called the "lake at rest steady-state". As long as the initial values aren't too far away, it is fully justified to work with the reduced equation (12) and (46). Roughly speaking, this approach is well-suited for steady-states without macroscopic convection, thus steady-states ruled by diffusion mechanisms.
A.2. Steady-states with non-zero macroscopic velocity. However, by relaxing the restriction of "no net flow through the walls", one may retain the possibility of having the well-balanced scheme (45)- (46) to compute kinetic densities whose macroscopic flux doesn't progressively vanish as time increases. Clearly, the elementary solutions (23) become incorrect simply because (x − ξ) e 1 doesn't satisfy the 2 × 2 system when the non-zero flux term is included: it has to be substituted with −ξ e 1 . Another change is necessary (as written in [58] , formulas (67)):
1 instead of (x − ξ)P(ξ) e 1 .
Concerning the constants of separation ν, they aren't affected by the inclusion of the flux term (21) because we saw that its effect is limited to adding a function linear in ξ. There is no theoretical result of completeness for elementary solutions in this case though. Therefore, in order to set up a well-balanced scheme able to cope with steady-states with non-vanishing macroscopic velocities, it suffices to modify the matrices M andM (as in §3.3) by making the ∆x factor disappear (which replaces ∆x ± ξ by ±ξ and also to replace the (∆x ± ξ)(ξ 2 − 1 2 ) by (∆x ± ξ)(ξ 2 − 3 2 ) in the column 4N − 1 only. This procedure can also be extended for variable Knudsen numbers ε as in our previous §6 by substituting ∆x by ∆x/ε. The resulting modified matrices yield a productM ε (M ε ) −1 whose condition numbers with respect to N and ∆x remains similar to the ones formerly observed: see Table 3 . A.3. Numerical comparison with time-splitting. This situation is very similar to what happens in the field of hyperbolic systems of balance laws where the Jacobian of the nonlinear flux function can admit vanishing eigenvalues. In this case, the stationary equations become a differential-algebraic system with singular solutions. The zero eigenvalue of the fluxes interferes with the stationary Dirac mass of the localized source term: this is usually called "nonlinear resonance" [37] and this intricate situation has been systematically excluded in [1] . In the particular case of the Euler equations for a perfect gas, nonlinear resonance can occur at sonic and stagnation points. Here, we observe a similar behavior as the numerical treatment for vanishing macroscopic velocity differs from non-vanishing ones. The critical threshold for switching from one to another may be chosen as J ≃ ∆x, the space-step of the computational grid. Hence we wanted to study the outcomes of both well-balanced strategies on a very simple test-case where boundary conditions lead to a stationary regime with a rather big macroscopic flow:
Ψ(x = −1, |ξ|) = 10 5 , Ψ(x = 1, −|ξ|) = 20 30 .
We compared both results of well-balanced schemes with the ones generated by a standard time-splitting strategy (white squares) at time t = 24.5 with N = 10 with ∆x = 2 −5 . They are displayed on Fig.17 : in the left column, the well-balanced scheme (45)- (46) and in the right one, a scheme (45) using values from the modified matrices of §A.2 adapted to non-zero macroscopic velocities (dark squares). On the left, one sees an agreement between the two different numerical strategies only for the temperature. The macroscopic density, the mass and heat flows are very different. On the right column, the macroscopic density and the temperature agree; moreover, the mass and heat flow are not only of the same order, but one sees that the time-splitting scheme fails completely at getting them constant. The modified well-balanced approach shows a neat superiority as they appear completely flat. 
